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It is known that the no-boundary proposal in the traditional Einstein gravity does not prefer
inflation, that is, the probability of realizing a large number of e-folds is exponentially suppressed.
This situation may be changed drastically in a class of nonlinear massive gravity theories recently
proposed by deRham, Gabadadze and Tolley, called dRGT massive gravity. We show that the
contribution from the massive gravity sector can enhance the probability of a large number of e-
folds substantially for a sufficiently large mass parameter mg comparable to the Hubble parameter
during inflation, say mg & 10
12GeV. We illustrate possible models to trigger such a large mass
parameter in the early universe while it is negligibly small in the present universe. This opens a
new window to explore the inflationary scenario in the context of quantum cosmology.
INTRODUCTION
It is known that quantum gravity is hoped to resolve
the initial singularity of the universe and assign a proper
initial condition with a reasonable probability, where
the corresponding wavefunction of the universe is dis-
cribed by the Wheeler-DeWitt equation [1]. In order to
obtain a unique solution to this equation, one natural
idea to fix the boundary condition is to choose the ini-
tial state such that it most closely resembles the ground
state, or the Euclidean vacuum state. Moreover, it is
known that the Euclidean vacuum state wavefunction in
standard quantum theory can be obtained by the Eu-
clidean path integral. Hence, Hartle and Hawking [2]
generalized it to the case of gravity, and introduced the
Euclidean path integral to choose the wavefunction of
the universe,
Ψ[hij , χ] =
∫
∂g=h,∂φ=χ
DgDφ e−SE[g,φ], (1)
where hij is the metric of a compact 3-geometry Σ and
χ is the matter (inflaton) field φ on Σ, which form
the boundary of all possible, regular 4-geometries and
matter configurations over which the path integral is
to be performed. This is called the no-boundary pro-
posal. However it is known that the Hartle-Hawking
no-boundary proposal is in severe conflict with the re-
alization of successful inflation [3].
It has been proved that an O(4)-symmetric solution
gives the lowest action for a wide class of sc alar-field
theories, hence dominating the path integral (1). So it
is reasonable to assume that the metric owns the O(4)
symmetry even in the presence of gravity [4],
ds2E = dτ
2 + a2 (τ) dΩ23. (2)
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On the other hand, under the steepest-descent approx-
imation (or equivalently, WKB approximation) where
the wavefunction is dominated by sum-over on-shell his-
tories, the corresponding actions are complex-valued,
Ψ[a˜, φ˜] ≃ A[a˜, φ˜]eiS[a˜,φ˜], (3)
where a˜ and φ˜ are the boundary values of a and φ,
respectively, and A and S are real-valued functions.
When the phase S varies much faster than A,∣∣∣∇IA[a˜, φ˜]∣∣∣≪ ∣∣∣∇IS[a˜, φ˜]∣∣∣ , I = a˜, φ˜, (4)
these histories are classical since it satisfies the semi-
classical Halilton-Jacobi equation [5].
Thus, provided that the potential is exactly flat, if
the values a˜ and φ˜ are such that they form a maximal
slice of an O(4) symmetric regular Euclidean solution,
that is, a˜ and φ˜ are the values at which a˙ = φ˙ = 0,
then the probability of the existence of such a classical
universe is evaluated as
P ≃ e−2SE , (5)
where SE is half the Euclidean action of the solution
with the maximal slice at which a = a˜ and φ = φ˜. At
the maximal slice the Euclidean solution can be analyt-
ically continued to a Lorentzian classical solution, and
a classical universe is born with its initial data given by
a = a˜ and φ = φ˜.
This analysis can be applied to evaluate the proba-
bility of creation of a universe that has witnessed an
early inflationary era, at which the potential satisfies
the slow-roll conditions. For simplicity, let us consider
the chaotic inflationary scenario where the potential
V (φ) ∝ φn with n > 0 has reflection symmetric around
φ = 0 and monotonically increases as |φ| increases. In
Einstein gravity, there is a continuous distribution of
complex-valued instantons for |φ| > φcut ∼ 1 (here-
after, we adopt the natural units 8piG = M−2Pl = 1),
where φcut is a cutoff scale below which the classicality
condition is no longer satisfied [5–7]. When there are ap-
proximately classical Euclidean solutions, the slow-roll
2condition is generally satisfied in the Lorentzian regime,
and the Euclidean action is approximately given by
SE ≃ − 12pi
2
V (φ)
. (6)
Inserting this into Eq. (5), one immediately obtains the
probability of creation of such a universe:
P ∝ exp
(
24pi2
V (φ)
)
=⇒ lnP ∝ N−n2 , (7)
where N is the corresponding e-folding number defined
by dN = Hdt. It is obvious from Eq. (7) that an early
universe with a large vacuum energy or large number
of e-folds is exponentially suppressed. Hence, a success-
ful inflationary scenario with sufficient e-folding number
(e.g. 50-60 e-folding numbers) is disfavored, which is
thought to be a defect of the no-boundary proposal (for
alternative explanations and reviews, see [8]). However,
this severe problem can be naturally solved in a modi-
fied gravity theory with a non-vanishing graviton mass,
that is, the so-called massive gravity theory.
DRGT MASSIVE GRAVITY
Recently, with various motivations, massive gravity
models have been extensively studied. In this paper,
we consider nonlinear massive gravity proposed by deR-
ham, Gabadadze and Tolley [9], the so-called dRGT
massive gravity,
S =
∫ √−g d4x [R
2
+ Lmg − 1
2
(∇φ)2 − V (φ)
]
, (8)
where φ is the inflaton and Lmg is the massive gravity
term given by
Lmg = m2g
[
1
2
(
[K]2 − [K2])
+ α3
1
6
(
[K]3 − 3 [K] [K2]+ [K3])
+ α4
1
24
(
[K]4 − 6 [K]2 [K2]+ 3 [K2]2
+8 [K] [K3]− 6 [K4])
]
, (9)
with m2g being a graviton mass parameter, α3 and α4
being non-dimensional parameters, and
Kµν = δµν −
√
gµσGab(ϕ)∂νϕa∂σϕb. (10)
The fields ϕa (a = 0, 1, 2, 3) are called the Stu¨ckelberg
fields whose role is to recover the general covariance.
We set the fiducial, field space metric Gab(ϕ) to be a
de Sitter metric [10, 11],
Gab(ϕ)dϕ
adϕb ≡ −(dϕ0)2 + b2(ϕ0)dΩ23, (11)
where b(ϕ0) = F−1 cosh(Fϕ0) with F−1 being the cur-
vature radius of the fiducial metric. For simplicity, we
assume Gab(ϕ) to be non-dynamical as in the original
dRGT gravity [9]. However, the theory may be more
consistently formulated if Gab is made dynamical [12].
We will not discuss further this issue here since it is
beyond the scope of this short article.
Under the assumption of O(4) symmetry, we set
ϕ0 = f(τ). Then after a straightforward calculation,
we obtain b(ϕ0) = X±a(τ), where [13]
X± ≡ 1 + 2α3 + α4 ±
√
1 + α3 + α23 − α4
α3 + α4
. (12)
We note that X± must be positive. This constrains the
parameter space of the theory. The equations of motion
are given by
a˙2 − 1− a
2
3
(
φ˙2
2
− Veff
)
= 0 , (13)
φ¨+ 3
a˙
a
φ˙− V ′eff = 0 , (14)
where a dot (˙) denotes d/dτ , a prime ( ′) denotes d/dφ,
and the effective potential is given by
Veff(φ) = V (φ) + Λ± , (15)
with Λ± being the cosmological constant due to the
massive gravity terms,
Λ± = −m2g (1−X±)
[
3 (2−X±)
+α3 (1−X±) (4−X±) + α4 (1−X±)2
]
.(16)
Using these equations of motion, we obtain the on-shell
action as [10]
SE = 2pi
2
∫
dτ
[
2a3Veff − 6a−m2ga3Y±
√
−f˙2
]
, (17)
where
Y± ≡ 3(1−X±) + 3α3(1−X±)2 + α4(1−X±)3. (18)
Now we assume that the potential is sufficiently flat so
that at leading order approximation we can set V ′eff = 0,
hence φ˙ = 0. Thus we obtain
φ = φ0 , (19)
a =
1
H
cosHτ, (20)
where H2 = Veff(φ0)/3. Then the action (over the half
hemisphere) is given by [10]
SE ≃ −4pi
2
H2
(
1− m
2
g
F 2
Y±
X±
α2C
(
α2
))
, (21)
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FIG. 1: The function Q(u) as a function of the nor-
malized Hubble parameter h2 = 1/u = H2/(X2±F
2) for
m2gY±/(F
2X±) = 0 (dashed), 3 (red), 6 (green), and 10
(blue) from top to bottom. As has been expected, in tradi-
tional Einstein gravity where mg = 0, the probability will
exponentially decrease whenH2 increases, which implies dis-
favor of inflation with a large number of e-foldings. However,
in dRGT massive gravity, counter terms proportional to m2g
appear so that the probability peaks at much larger H2.
This implies the preference of a much larger e-folding num-
ber for a successful inflationary scenario, hence offers a way
to realize inflation in the context of quantum gravity.
where α = X±F/H and
C
(
α2
) ≡ 2−
√
1− α2 (2 + α2)
6α4
. (22)
Comparing Eq. (21) to (6), using the Friedman equation
3H2 = V (φ), one finds that a counter term proportional
to m2g appears in dRGT massive gravity theory, which
drastically changes the behavior of wavefunction so that
the distribution of probability may not peak at H2 ≃ 0.
It should be noted that the above approximation is valid
as long as the slow-roll condition is satisfied and the field
value is well outside the cutoff, i.e., |φ0| > φcut.
SUFFICIENT e-FOLDING NUMBER FOR
INFLATION
As mentioned above, we must have X± > 0. On the
other hand, α must be in the range 0 < α < 1 [10].
Moreover, for definiteness, we also assume Y± > 0.
From Eq. (22), C(α) > 0, which implies that the ab-
solute value of SE (or −SE) is smaller in the massive
gravity case than in the Einstein case, provided with
the same value of H .
Alternatively, if we fix the model parameters and vary
H , α2C(α2)→ 0 as H →∞ while it approaches 1/3 as
H → Hmin where α(Hmin) = 1 or Hmin = X±F . Then
there arises a hope that the probability of a universe
with small H may be substantially suppressed, or con-
versely the probability of a universe with larger H is
exponentially enhanced.
To see if this is the case or not, let us introduce vari-
able u ≡ α2 = X2±F 2/H2 and rewrite Eq. (21) in the
following form:
SE = − 4pi
2
X2±F
2
[
u− m
2
g
F 2
Y±
X±
u2C(u)
]
≡ − 4pi
2
X2±F
2
Q(u) , (23)
where Q(u) ≡ −X2±F 2SE/(4pi2). Then one finds
∂Q
∂H2
= − α
2
H2
∂Q
∂α2
= − α
2
H2
(
1− m
2
g
F 2
Y±
X±
α2
4
√
1− α2
)
. (24)
The function Q(u) is plotted in Fig. 1 as a function
of the normalized Hubble parameter h2 = 1/u, for
m2gY±/(F
2X±) = 0, 3, 6, and 10, respectively. It is
readily seen that unlike the case for traditional Einstein
gravity where mg = 0 (dashed line), in dRGT massive
gravity theory, the function Q, hence−2SE will be max-
imized at α2 = α2m where
α2m√
1− α2m
=
4F 2
m2g
X±
Y±
. (25)
Since the left-hand side varies monotonicallly from zero
to infinity as α2 varies in the range 0 < α2 < 1, there
always exists a unique maximum provided that bothX±
and Y± are positive. Thus the probability is maximized
at α2 = α2m with the exponent given by
lnP ≈ −2SE = 8pi
2
X2±F
2
G(α2m) ;
G(u) ≡ u
2 − 2u+ 4− 4√1− u
3u
, (26)
which may be well approximated by G(u) ≈ u/2 when
u≪ 1.
We see that the problem of the no-boundary proposal
may be solved for a sufficiently wide range of the pa-
rameter space. For example, assuming both X± and Y±
are of order unity, we may consider the case m2g ≫ F 2
which implies α2m ≈ 4X±F 2/(Y±m2g) ≪ 1. Inserting
this into Eq. (26), one finds
lnP ≈ 16pi
2
m2gX±Y±
≈ 4pi
2
H2m
, (27)
where H2m ≈ X±Y±m2g/4 is the Hubble parameter at
which the probability is maximized. Thus a classical
universe emerges most probably with the Hubble pa-
rameter H2 = O(m2g). For m
2
g close to the Planck scale
this gives sufficient inflation.
4TRIGGERING MASS PARAMETER
We have shown that for a sufficiently large mass
parameter mg the problem associated with the no-
boundary proposal that the expected number of e-folds
is too small to realize successful inflation may be solved.
However, since we know that the graviton mass should
be extremely small today, we need a mechanism to make
it large only in the very early universe.
Here we present a couple of speculations for such a
mechanism.
(1) Field-dependent mass : Let us consider the case
when m2g is a function of the inflaton φ [14].
m2g = m
2
g(φ) . (28)
If m2g is finite for |φ| > φcut but exponentially small
for |φ| < φcut, then our analysis in the case of mas-
sive gravity is still valid and the fact that there is no
classical histories at |φ| < φcut remains the same as in
the Einstein case [5]. Therefore, there will be a long
enough inflationary stage, and Einstein gravity will be
recovered when the inflation ends at |φ| < φcut. For ex-
ample, a simple function like m2g = m
2
0 exp[−(φcut/φ)2]
seems to satisfy the requirement. Of course, however,
we need a more thorough analysis before we may con-
clude that such a model can actually lead to the scenario
described above (some discussions on its dynamics have
been done in some references, e.g. [15]).
(2) Running mass parameter : Quantum effects may
change m2g through energy scales. If gravitational in-
teractions are not asymptotically free, then one may
have a large graviton mass mg ∼ MPl at the Planck
energy scale, while it becomes small mg ∼ H0 at the
current energy scale, where H0 is the current expansion
rate of the universe. If this scenario works, it may be
also possible to explain the accelerated expansion of the
current universe simultaneously.
CONCLUSION
Studies of Hartle-Hawking no-boundary proposal for
the wavefunction of the universe in the context of dRGT
massive gravity opens a window to discuss inflationary
scenario in quantum gravity theories. Traditionally, the
no-boundary wavefunction exponentially prefers small
number of e-foldings near the minimum of the inflaton
potential, and hence it does not seem to predict the
universe we observe today. However, we found that the
contribution from the massive gravity sector can dras-
tically change this situation. We showed that, for a
fairly wide range of the parameters of the theory, the
no-boundary wavefunction can have a peak at a suffi-
ciently large value of the Hubble parameter so that one
obtains a sufficient number of e-folds of inflation.
To make this model to work, however, we need to
find a way to trigger the mass parameter in the very
early universe while it should remain to be extremely
small in the current universe. We speculated a couple
of mechanisms for this purpose. It is a future issue to
see if these mechanisms can be actually implemented in
massive gravity. In addition, we remain a future issue
to consider the implication of potential problems of the
dRGT model [16] and applications for possible gener-
alized massive gravity models that may not suffer from
such problems, e.g., [17].
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